We have developed a general formalism able to describe nonlinear pulse propagation in multimode optical fibers or waveguide couplers by means of a finite number of parameters, which are functions of the traveled distance. These parameters possess a direct physical meaning and can be interpreted, for a wide class of time-dependent interaction phenomena, as conjugate variables of a suitable Hamiltonian. The accuracy and the importance of the method are discussed with reference to a specific example of bimodal optical propagation, involving soliton switching and soliton instabilities.
INTRODUCTION
A wide class of nonlinear fiber propagation problems associated with the optical Kerr effect can be described in terms of a system of partial differential equations (PDE's), which represent the space-time evolution of the complex amplitudes of a modal expansion of the electric field.' It is well established that, under approximations that are reasonable for picosecond pulses, this system takes the form of a set of, say, N coupled nonlinear Schrodinger (NLS) equations.' Unfortunately, only a few analytical solutions of such systems of equations are known, which usually take the form of temporally localized solitary wave packets. In the particular case of propagation in a monomode fiber, a single NLS equation results. 2 -8 As is well known, this equation is exactly integrable both in the anomalous- 4 and in the normal- 5 dispersion regimes by means of the inverse scattering transform (IST) method, which reveals the existence of a family of bright 4 6 and dark 5 , 7 solitons, respectively. NLS bright and dark solitons have been observed experimentally in the propagation along an optical fiber. 9 "1 0 On the other hand, when a system of incoherently coupled (i.e., with coupling terms that are linearly proportional to the intensities of the components) NLS equations are considered, only a few special cases (with N = 2) are completely integrable by means of the IST,"1,'
2 whereas no such IST solutions have been found when linear coupling terms are present. Solitary wave solutions to systems of coupled NLS equations may be found, without resorting to the IST method, by means of direct methods. These solutions include polarization-modulated vector solitary waves in birefringent fibers 6 and coupled dark and bright solitary waves that may be sustained either by cross-phase modulations or by polarization coupling due to fiber birefringence. 8 If, on the one hand, serious difficulties are faced in trying to obtain analytical solutions to initial value problems involving a set of coupled NLS equations, on the other hand, there is a strong interest, in various applicative problems, in finding ways of characterizing the nonlinear evolution of pulses that propagate in mode-coupling structures. To this purpose, a popular approach has been that of forgoing an exact solution of the system of PDE's in favor of an approximate description of the pulse evolution based on a limited number of parameters of direct physical interpretation that obey a set of ordinary differential equations (ODE's). Since the early work of Kaup and Newell, 9 a number of papers have appeared in which the particlelike nature of solitons has been exploited in order to derive, from conservation laws, ODE's for the adiabatic variation of some soliton parameters during the propagation.
2 0 - 24 In particular, Refs. 20-22 have shown that, from the variational principle based on the field Lagrangian, one may obtain a set of ODE's for a given number of relatively slowly varying parameters, which determine the field amplitudes through a prescribed functional dependence. This method gives results that are generally in good agreement with those obtainable by means of analogous perturbative approaches based on the longitudinal variation of scattering parameters associated with the IST representation of the pulse. 22 23 Alternatively, one may also prove, by direct insertion of the modal amplitudes into the set of NLS equations, that a suitable choice of soliton parameters yields equations for conjugate variables of a finite-dimensional Hamiltonian dynamical system. 24 Finite-dimensional approaches to nonlinear wave propagation are particularly attractive in that one may gain an immediate global physical insight, for example, by means of drawing phase-space portraits or by finding motion invariants, into the dynamics of a solitonlike wave packet. For example, a description based on a Hamiltonian system with only a few degrees of freedom may permit an analytical determination, by means of well-developed techniques, 2 5 of the regions in parameter space that may be subject to solitary wave instabilities, thus avoiding extensive and blind numerical searches (for example, with the beam-propagation method 2 6 ). Finally, replacing a system of PDE's with a few coupled first-order ODE's is generally convenient also from a purely computational point of view, even though this may lead to reduced numerical accuracy.
In the present paper we present a systematic approach that permits the derivation, starting directly from a quite general class of field Lagrangians, of a self-consistent system of Hamilton equations for a finite set of suitably chosen parameters that characterize the interacting components of the pulse envelope. In this way we are able to generalize the results that were obtained in Ref. 24 for a specific propagation problem, where the resulting Hamiltonian form of the parameter ODE's looked somewhat fortuitous. The actual number of parameters is arbitrary, and clearly the accuracy of the finite-dimensional representation may be improved by increasing the number of parameters. These parameters possess an immediate physical meaning and give rise to a particularly simple and elegant finite-dimensional description.
The general formalism is applied in this paper to nonlinear pulse propagation, in the regime of anomalous chromatic dispersion, through two-mode coupling structures. Such nonlinear couplers have been of interest in recent years for demonstrating the potential of glass fibers for ultrafast alloptical switching. 2 7 The two coupled modal amplitudes may represent, for example, the individual (or array) modes of a twin-core fiber, 2 8 3 1 the two counterrotating circular polarization components of a linearly birefringent fiber, 32 33 the unperturbed linear polarization eigenmodes of a periodically twisted fiber, 34 or the two lowest-order modes of a single-core fiber or waveguide, with 35 or without 36 gratingassisted coupling. Besides being of potential for these applications, coupling processes in two-mode structures are known to exhibit intriguing nonlinear dynamical properties even in the steady-state limit.
3 1 - 33 As we shall show, the finite-dimensional perturbative approach makes it possible to appreciate more clearly what the effects are of the extra degrees of freedom that are provided by linear dispersion on the spatial instabilities and the self-switching of short optical pulses.
The practical interest in using two-mode fiber coupling structures in the anomalous-dispersion regime and with pulses whose values of peak power and width are sufficiently close to the values required for the formation of solitons is the possibility of avoiding the breakup of the output pulse profile, which typically occurs in the quasi-continuous-wave regime. 3 7 -4 0 This phenomenon is detrimental if, for example, one wants to cascade different switching elements and is due to the fact that different portions of a sufficiently long input pulse couple with different efficiencies and coupling periods, according to their own instantaneous power level. A substantial improvement in the switching characteristics may result when square pulses are used, 4 ' although the synthesis of such pulses with picosecond durations requires considerable experimental effort. 42 On the other hand, it has been pointed out and recently experimentally demonstrated that the particlelike behavior of soliton pulses may inhibit pulse breakup in different examples of ultrafast alloptical switching devices. 43 -7 Moreover, in the specific case of interest here, namely, the interaction between two linearly and nonlinearly coupled modes, the existence of soliton instabilities has been numerically and analytically investigated by several authors. 4 5 47 -50 The paper is organized as follows: in Section 2 we present specific physical examples of two-mode fiber couplers for which the time-dependent propagation is described by systems of NLS equations. In Section 3 we derive a finitedimensional representation of the propagation of a pulse. From a field Lagrangian that is written in a general form, one may reduce the Lagrange equations to a system of coupled first-order ODE's for a set of suitable time-independent Hamiltonian conjugate variables. Finally, in Section 4 we discuss an example in which the method is applied to investigating soliton switching and instability phenomena in a nonlinear directional coupler.
COUPLED-MODE EQUATIONS
Here we give a brief r6sum6 of the coupled-mode equations that govern the propagation of two coupled pulses in different types of fiber couplers. These include the cases of a linearly birefringent fiber, a periodically twisted birefringent fiber, and a single-polarization, dual-core fiber. Along with the coupled-mode equations, the respective field Lagrangians are also listed below.
A. Birefringent Fiber
The electromagnetic field propagating in a linearly birefringent optical fiber along the positive direction of the z axis, which is aligned with its symmetry axis, can be expressed as a superposition of linearly polarized guided modes, with mean optical frequency 0, in the form (1) where ifxy(wo) are their propagation constants and f(x, y) is a modal transverse configuration (which is assumed equal for the two modes, which is reasonable in a weakly birefringent fiber). 
where B = Xxyyx/Xxxxx and X = 3 xxxxx (note that 0 < B < 1 and B = 1/3 for silica). The nonlinear Eqs. (2) for the fields may be expressed in terms of a variational formulation by means of a Lagrangian density C. This is a functional of the modal amplitudes, of their partial derivatives with respect to z and t, and of the complex conjugates of these quantities (which are regarded as independent variables). The Lagrangian density that generates Eqs. (2) 
where Ajt 0 /Aj/t and Aj, 0,Aj/az. The first and the second of Eqs. (6) yield the coupled-mode Eqs. (2) and their complex-conjugate equations, respectively. Let us now rewrite Eqs. (2) in terms of circularly polarized modes, which are given by the relations
From Eqs. (2) one obtains
where k A#/2. In Eqs. (8) we assumed equal dispersion coefficients for the linear polarization modes a. = ay a, and we used the delayed time variables s = t -zIVg, where Vg-1
are the inverse of the average group velocity and of the group-velocity difference, respectively. The Lagrangian density that generates Eqs. (8) is dA_ dA+
In Eqs. (8) and (9) the coefficient k, which is due to fiber birefringence, leads at low powers to complete periodic power exchange between the two circularly polarized components. The spatial period of the coupling is the beat length Lb = 2LC = 7r/k, where L, is the coupling length. In the limit k = 0, the circularly polarized waves experience just a nonlinear phase shift (this leads to a uniform rotation of the polarization ellipse 52 53 ), which is due to the self-and crossphase modulation terms [with coefficients R(1 -B) and R(1 + B), respectively]. Both in the steady state and in the dispersive regime, at relatively high peak powers the presence of both linear coupling and nonlinear phase shifting leads to polarization-instability phenomena. 
B. Periodically Twisted Fiber
Consider now the case of a birefringent fiber, in which longitudinally periodic coupling between the two linear polarizations is introduced by periodic twisting. In the regime of purely linear coupling, this fiber may be used for wavelength-dependent polarization rotation. When the fiber is placed between two crossed polarizers, a bandpass filter results, with typical bandwidths of a few nanometers. 34 Whenever the total field is written as the superposition of linearly polarized modes [see Eq. (1)], the slowly varying envelope amplitudes Axly that were introduced in Subsection 2.A obey the equations
With respect to Eqs. (2), note the presence here of a new term, which is due to periodic coupling between the two linearly polarized modes. This leads, at low powers, to complete rotation of the polarization state of a linearly polarized beam, which is initially aligned with the principal birefringence axes. 34 Moreover, the group-velocity mismatch between the two coupled linear polarization modes is responsible for the dispersive properties of the coupling structure that are inherent in the filtering action. 54 Equations (10) 
It is worth noting that Eqs. (12) and (13) are a correct representation of the propagation in the nonlinear rocking rotator fiber filter only for relatively low peak power levels. These are such that the nonlinear power exchange that occurs between the modes over a distance of the order of the birefringence beat length Lb may be neglected. At higher power levels, when the nonlinear power exchange may no longer be neglected, the rotating-wave approximation does not apply. In this case, even in the stationary regime the nonautonomous coupled-mode equations do not possess the integrability property: spatial Hamiltonian chaos in the evolution of the polarization may occur. 55 56 C. Dual-Core Fiber The scalar field that travels in a weakly coupled dual-core isotropic fiber may be expressed as the superposition of the modes of the two individual cores:
For identical cores, the slowly varying modal amplitudes A 1 , 2 obey the system of coupled PDE's 4 6 (i -dA +kA2+RIAj2A =0,
where s is the delayed time in a reference frame that travels with the common group velocity Vg. Equations (15) ).
(16)
As one can see by inspecting Eqs. (9), (13), and (16), there is a close similarity between the field Lagrangians that describe the interaction of two circularly polarized modes in a birefringent fiber, of linearly polarized modes in a periodically twisted fiber, and of scalar individual core modes of a twin-core-fiber nonlinear directional coupler.
HAMILTONIAN FORMALISM
We deal here with a quite general form of field Lagrangians, which are associated with the nonlinear interaction between two guided modes. Extension to the general case of N coupled modes is rather straightforward and will not be discussed here. The treatment that follows may be immediately applied to deal with any one of the cases that appear in Section 2. We show how two coupled NLS equations may be reduced to a Hamiltonian system of ODE's for a certain set of z-dependent parameters. We consider Lagrangian densities that take the general form
where m and n can independently assume the values of 0 and 1 and the upper (lower) sign in front of the dispersive term holds in case of propagation in the anomalous-(normal-) dispersion regime. (18) Equations (17) and (18) appear in a normalized form: we have adopted the usual dimensionless soliton units, where z is expressed in terms of a characteristic length z, t2/Ica (o = rzc/2 is the period of higher-order solitons of a single NLS equation), 9 t is the retarded time, which is in units of the temporal width t of the fundamental soliton solution of a single NLS equation [ = sech(t)], and the field amplitudes are normalized accordingly.9,45-51 We have also introduced a normalized group-velocity difference V = 6Val/t,. The mismatch term A between the propagation constants of the two guides may be due, for example, to the presence of uniform twisting or optical activity in a birefringent fiber (Subsection 2.A) or to core asymmetries in a dual-core fiber (Subsection 2.B).
Clearly, Eqs. (17) and (18) include as particular cases all the equations discussed in Section 2. For example, the linearly polarized modes of a birefringent silica (i.e., for B = 1/3) fiber satisfy Eqs. (18) IaI, and -y =p = 0. Equations (17) and (18) may also describe other-types of interaction: For example, consider the coupling between two lowest-order modes in a multimode fiberl 3 6 or between two pulses with identical polarization and slightly different average frequency that travel in the same mode of an isotropic fiber. 7 Let us introduce the Lagrangian L, which is defined as L = £dt, (19) so that the variational principle [Eq. (5)] may be expressed as
First, let us suppose, in the spirit of the finite-dimensional approach, that we may characterize each mode amplitude
in terms of a finite number, say, 2N + 2, of z-dependent parameters
which are defined as follows: Second, we assume that the lun(z, t)12's are of the form
where Fj is an arbitrary function that satisfies Eq. (23). We therefore look for the solution of the variational problem [Eq. (20) ] with u in the class of functions that is defined by Eq. (25) . For example, when N = 2, we may write
where rj and aj are obviously related to the first-and secondorder momenta Mo(W) and M 2 ('), respectively, and fj is an arbitrary normalized function with mean value and variance equal to 1. The accuracy of the approximation depends, of course, both on the choice of the number N of degrees of freedom and on the form of the fj's. According to the above considerations, we have,
where the dots stand for derivation with respect to z. Set
L Lo + L,
where by definition we choose
and consequently (28) 
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M,,(i)(z), a,,(j)(z) (30)
this may lead to rather lengthy expressions: an example of (30) such calculation is given in Appendix A.
We may then rewrite the Lagrange equations associated with the variational principle [Eqs. (6) : here the Aj's are replaced by the uj's and (j = x, y) with (j = 1, 2)]. We obtain a 0L aL ,1,2,3, ... ,N) . (31) By inspecting Eqs. (24)- (26) and by exploiting the special form of the Lagrangian in Eq. (17), one may immediately verify that
so that the moments Mn() represent the conjugate momenta of the variables an('). Besides, the set of Eqs. (31) 
-aMn° = aMn° -aM ° a° aM ° ° 33
These are Hamiltonian equations of a dynamical system that is described by the set of conjugate variables Mn), an(), whose Hamiltonian H is given by L 1 , that is,
The Hamiltonian H is obviously also a conserved quantity of the original PDE's [Eqs. (18) ]. Note that the reduction procedure presented above is by no means limited to the specific Lagrangian in Eq. (17): rather, the method is valid in all cases when the term L 1 does not exhibit an explicit dependence on both OMn~()/Oz and an(). Therefore the method may be applied with great generality to different physical situations, also beyond the framework of nonlinear optics. Note also that it is the particular choice of the parameters Mn(7) and an(Z) in Eqs. (23) and (24) that permitted the reduction by a factor of 2 (from 2N + 2 to N + 1) of the number of degrees of freedom of the problem. This is a consequence of the peculiar form assumed by the kinetic part Lo, which in turn implies that OLo/Oan(J) = aLol/[aMn(i)/ az] = 0. By using the above formalism one may recover in a much simpler way the results of Ref. 24 , where the Hamiltonian form of the parameter equations was obtained through a constructive and rather cumbersome approach. This consisted in explicitly deriving the z evolution of Mo(iW, M 1 0, M 2 P), and ao(j), al(i), a2/) by direct insertion into the set of PDE's. In order to obtain the Hamiltonian H in explicit form one must perform the integrations in Eq. (30) . Even in the simple case with N = 2 and with Gaussian pulse shapes
SOLITON SWITCHING AND INSTABILITIES
The effectiveness and accuracy of the finite-dimensional characterization of pulse propagation in coupling structures are investigated here in some specific cases involving nonlinear directional couplers or birefringent fibers. In particular, we are interested in soliton switching and instability phenomena, so that the analysis is restricted to propagation in the anomalous-dispersion regime. The method requires specification both of the number 2(N + 1) of momenta and of the particular form of the functions Fi appearing in Eq. (25) . Numerical simulations 46 have indicated that under certain conditions solitonlike input pulses may periodically couple between the two modes of the coupler without appreciable changes in their shapes, so that we may choose N = 2. In addition, the switching properties and the soliton instability phenomena do not to critically depend on the temporal shaping of the input pulses, which justifies the choice of Gaussian pulse profiles. This choice corresponds to the example reported in Appendix A and leads to substantially simpler expressions for the Hamiltonian with respect to the hyperbolic secant case. The interaction of weakly coupled modes may be described by Eqs. (8) or (15), so we shall set p = 0 and A = 0. We are essentially interested here in studying propagation over relatively short interaction lengths (of the order of the linear beat length), so we may also neglect any group-velocity difference. Therefore, according to Eq. (30), the Hamiltonian is H = LI -HI + H 2 + Hint, where
We consider here, for the sake of simplicity, the case of initially unmodulated pulses. Since we have also neglected the presence of group-velocity difference V, one obtains M/i)(z) = a/i)(z) = 0, j = 1, 2. As a consequence, the evolution of each pulse may be characterized by four parameters only (instead of six), and propagation described by the pair of NLS Eqs. (18) is studied in terms of a three-degreesof-freedom Hamiltonian system of ODE's. As is shown below, the Hamiltonian in Eqs. (35) 
with Integration of these equations for different choices of the initial conditions permits a study of the dynamical behavior of soliton parameters along the fiber. We have not been able to find additional invariants, besides the trivial ones associated with the conservation of energy, E = MoM 1 + Mo ( 2 ), and with the conservation of momentum. 4 7 Therefore a numerical integration of the trajectories of the dynamical system that is described by Eqs. (34)- (36) was necessary.
We shall discuss first the performance of the finite-dimensional representation in the simulation of ultrashort-pulse or soliton-switching experiments.
3 7 -4 A typical situation involves the study of the transmission characteristics of a coupler when one is varying the peak power of a pulse of given temporal width that is initially launched into one of the two modes. Beam-propagation simulations show that the pulses may switch between the two modes at the output without appreciable distortion in their shape, when the input peak power of the pulses grows larger than a certain critical switching power. 46 47 A fundamental soliton of a single NLS equation is represented, in the spirit of our approach, by Eq. (Al), with Mo()~a
Here we set the normalized input variance c-j 2 = (2)-1/2, so that the fundamental soliton corresponds to a normalized amplitude equal to 1 [i.e., u 0 = 1 in Eq. (Al)]. In the following calculations, the peak power p of the pulses is normalized by the continuous-wave critical power P,: Figs. 1-4 we present a comparison of calculations obtained by integration of the representative system of ODE's (dashed curves) or by numerical integration of the PDE's by the beam-propagation method (solid curves). These calculations involve the evolution of typical parameters that characterize the pulses along a dual-core fiber (see Subsection 2.0): Figs. 1-4 show the pulse energy (which is equal to Mo) and the pulse width (i.e., a) versus the normalized propagation distance. In Figs. 1 and 2 we simulate launching into one core of the fiber coupler a fundamental soliton with peak power equal to the critical continuous-wave power (i.e., K = 0.25 and p = 1), whereas Figs. 3 and 4 show the case in which K = 0.25 and p = 1.5. Here the peak power of the input pulse is larger than the fundamental soliton power but still lower than that of the first higher-order (i.e., spatially periodic) soliton. Note that the propagation distance is given in units of the soliton characteristic length: one coupling length corresponds in Figs. 1-4 to z = 2r. Whenever the peak power is lower than a certain critical power, complete and periodic energy exchange occurs (see Fig. 1 ). On the other hand, for powers larger than the above value of power only a small fraction of the total energy is coupled back and forth between the modes (see Fig. 3 ). As is clear by inspecting Figs. 1-3 , almost complete switching of the output energy may be obtained in a one-coupling-length long dual-core nonlinear directional coupler (i.e., for z = 2r). This may be seen as a consequence of the halving of the period of the energy exchange that occurs when the input peak power grows from P = P = P to P = 1.5PC. Figures 1 and 3 show that a remarkable agreement exists between the finite-dimensional representation and the beam-propagation calculations, as far as the energy exchange is concerned, over relatively long propagation distances.
Consider next the pulse compression that may result from studying the evolution of pulse widths along the coupler. Figure 2 illustrates the case of a pulse that is launched at the input with p = 1. Substantial temporal broadening may occur in a pulse that travels in the input mode whenever energy is transfered into the other mode: this is because, when the peak power grows smaller, the nonlinearity cannot balance dispersive broadening any longer. For the same reason, pulse compression occurs as the energy is coupled back. Meanwhile, the width of the pulse that propagates in the coupled mode grows only slightly larger over the same distance. Note the discrepancy that occurs between the predictions of the present method (dashed curves) and beam-propagation simulations (solid curves) in the estimate of the degree of temporal broadening of the pulse that propagates in the input mode. The situation is rather different As can be seen, with this choice of parameters (which yields P = P), good agreement exists, both in the shape of the characteristics and in the value of the switching power, between the description of Eqs. (17) and (18) and that of Eqs. (34)- (36) . Note that in the pulsed case the effective switching power, as estimated from energy-transmission curves, is shifted toward higher powers with respect to the continuouswave case. A qualitative explanation of this phenomenon is given in Appendix B. We show there that, based on the present model and under reasonable approximations, the evolution of the energy of two coupled solitons may be well approximated by the evolution of two equivalent continuous waves, with an effective power that, as one would expect, turns out to be smaller than the peak power of the input 1 0 pulse. Figure 6 shows energy transmissions [calculated by means of Eqs. (34)- (36)] from a dual-core coupler as a function of input pulse peak power for three different values of the ratio Pc/P,. A reduction of the normalized coupling K leads to 10 when the input power is raised to the value p = 1.5. Stable oscillations in the broadening and compression of the input pulse width occur with a spatial period that is the same as that of the energy transfer: the minima in the width correspond to the minima in the energy that remains in the pulse. At the same time, the amplitude of the oscillations in the compression of the coupled pulse width gets substantially larger with the distance. In this case (see Fig. 4 ) the agreement between the results of the two methods is satisfactory. Note that the small discrepancy in Figs. 1-4 between the initial values of the energies and the widths for the solid and dashed curves is due to the fact that the beam-propagation method simulations were carried out by using input pulses with hyperbolic secant (instead of Gaussian) profiles.
In Fig. 5 we compare three straight-through nonlinear energy transmissions {defined as Mo( ( 2 )], where i = 1 or 2 indicates the model from a onecoupling-length-long dual-core-fiber nonlinear directional coupler. The switching curves were obtained by numerical integration of Eqs. (34)- (36) larger effective switching powers and smoother switching characteristics. In particular, when K = 1/8 the switching curve is close to the continuous-wave case with an effective switching power of p = 2. However, for values of K as high as 1, the switching characteristic departs strongly from the stationary case. Values of K larger than 1/4 correspond to a situation in which, at the critical power p = 1, pulses with peak power larger than the fundamental soliton power or even higher-order solitons (for K = n/4, n > 1, integer) are launched at the input. Note that increasing K while keeping the normalized input pulse width fixed is equivalent to reducing the input pulse width with a given value of the coupling distance. Energy transmissions computed over longer propagation distances and with relatively high values of K may display a complex behavior. For example, Fig. 7 shows the transmission computed for K = 1 and y = 0 and for a coupler of length L = 2c. In contrast with the regular (oscillatory with power) switching characteristics that pertain to the stationary case, irregular soliton transmission curves are obtained because of a stochastic behavior of the spatial evolution of the parameters associated with the interacting pulses. The history of pulse energy versus length for different input conditions is displayed in Figs. 8 and 9 . In Fig. 8 we show the energy MoMl' of a circularly polarized pulse that propagates in a birefringent silica fiber (i.e., y = 2 and B = 1/3, with K = 1) over a relatively long distance (20 characteristic soliton units). Figure 9 shows evolutions of circular polarization components of a pulse that propagates in a birefringent fiber, again with K = 1. The initial polarization is close to either the slow (dashed curve) or fast (solid curve) birefringence axis (this is spatially unstable in the continuous-wave regime 32 ' 33 ). Spatially disordered evolution may result for the pulse parameters described by the model of Eqs. (34)-(36) when the initial polarization of the pulse is close to a spatially unstable eigenstate.
The disordered evolution of the pulse energies that is revealed by the trajectories and the switching characteristics is associated with the nonintegrability of the Hamiltonian dynamical system of Eqs. (34)- (36) , which may lead to chaos. However, owing to the high number of degrees of freedom of the system, a more detailed numerical or analytical Fig. 8 , when the input pulse is polarized close to the slow (dotted curve) or fast (solid curve) axis of the fiber. study of the irregular behavior and of the chaoticity domains is beyond the scope of this work. We wish, however, to point out that, in order to assess the physical significance of the spatially disordered evolutions that are exhibited by the time-independent parameters in the framework of the present finite-dimensional representation, one should examine the effects of increasing the accuracy of the representation, for example, by means of adding new parameters or by direct simulation of the solutions of the full system of PDE's.
CONCLUSIONS
We have presented a general method for dealing with nonlinear pulse propagation of coupled modes in guiding structures. It allowed us to reduce the system of nonlinear coupled PDE's, which describe time-dependent propagation, to a set of ODE's for a finite number of parameters, characterizing the phases and the intensities of modal amplitudes. Starting from the field Lagrangian, we have demonstrated that these two sets of parameters are conjugate variables through a suitable Hamiltonian, which is readily evaluated, l l l l l l l1 l l l l l l l l l l1 l l l l l l once the shape of the pulses and the number of parameters have been chosen, by performing simple integrals.
By applying the method to the investigation of soliton switching in two-mode fiber couplers, we have been able to reproduce the characteristic features of the energy transfer and temporal compression of the interacting pulses, in good agreement with results that are obtainable by numerically integrating the system of coupled NLS equations. Extensions of the present method may be useful for dealing with different systems of coupled PDE's, representing physical interactions that are also outside the field of optics.
APPENDIX A
In the following example we explicitly calculate the Hamiltonian for the case N = 2; in other words, we assume that each pulse can be simply characterized by three momenta (MO, Ml, M 2 ) associated with the pulse energy, the pulse walk-off from the center-of-mass, and the pulse width, respectively. We further assume a Gaussian shape for the pulses, so that 
APPENDIX B
Here we show how the switching behavior of interacting solitons in fiber couplers can be explained, in a qualitative way, by means of a simple transformation of the Hamiltonian calculated with the method reported in this paper [see Eqs. (35) and (36)]. More precisely, we show that, under certain assumptions, the evolution equations that govern the pulse propagation in the framework of our model are equivalent to the coupled-mode equations that describe the propagation of continuous waves in a time-stationary regime.
In particular, we consider here the evolution of two solitonlike unmodulated pulses [i.e., aj( 2 ) = 0], which evolve with constant and equal variance. This assumption, though it may appear arbitrary, turns out to be well supported by numerical simulations, performed either by integrating the equations obtained by means of the present model or by the beam-propagation method. In fact, by investigating the behavior of pulses that are launched with fixed width and increasing peak power, as is done when one is computing the energy transmissions, it turns out that, for not-too-large 's, they exhibit only small periodic variations of their widths. Even at powers lower than the soliton power, they couple without experiencing substantial width variations (see Figs. 2-4), at least over the lengths considered. According to these considerations, the Hamiltonian given in Eq. The total Hamiltonian may be written as a sum of two parts, which describe self-interaction and the mutual interaction between the two pulses, respectively. By evaluating all the integrals that appear in Eq. where we have dropped the dispersive term since it is z invariant for constant a. From Eq. (Al) it is immediately X exp
